Abstract. We give a means of estimating the equivariant compression of a group G in terms of properties of open subgroups Gi ⊂ G
Introduction
The Haagerup property, which is a strong converse of Kazhdan's property (T), has translations and applications in various fields of mathematics such as representation theory, harmonic analysis, operator K-theory and so on. It implies the Baum-Connes conjecture and related Novikov conjecture [7] . We use the following definition of the Haagerup property. Definition 1.1. A locally compact second countable group G is said to satisfy the Haagerup property if it admits a continuous proper affine isometric action α on some Hilbert space H. Here, proper means that for every M > 0, there exists a compact set K ⊂ G such that α(g)(0) ≥ M whenever g ∈ G \ K. We say that the action is continuous if the associated map G × H → H, (g, v) → α(g)(v) is jointly continuous. Convention 1.2. Throughout this paper, all actions are assumed continuous and all groups will be second countable and locally compact.
Recall that any affine isometric action α can be written as π + b where π is a unitary representation of G and where b : G → H, g → α(g)(0) satisfies (1) ∀g, h ∈ G : b(gh) = π(g)b(h) + b(g).
In other words, b is a 1-cocycle associated to π. In [14] , the authors define compression as a means to quantify how strongly a finitely generated group satisfies the Haagerup property. More generally, assume that G is a compactly generated group. Denote by S some compact generating subset and equip G with the word length metric relative to S. Using the triangle inequality, one checks easily that any 1-cocycle b associated to a unitary action of G on a Hilbert space is Lipschitz. On the other The equivariant Hilbert space compression contains information on the group. First of all, if α # 2 (G) > 0, then G is Haagerup. The converse was disproved by T. Austin in [4] , where the author proves the existence of finitely generated amenable groups with equivariant compression 0. Further, it was shown in [14] that if for a finitely generated group α # 2 (G) > 1/2, then G is amenable. This result was generalized to compactly generated groups in [9] and it provides some sort of converse for the well-known fact that amenability implies the Haagerup property. Much effort has been done to calculate the explicit equivariant compression value of several groups and classes of groups, see e.g. [19] , [2] , [12] , [20] , [5] .
In this paper, we assume that a given group G, equipped with a proper length function l, can be viewed as a direct limit of open (hence closed) subgroups
We equip each G i with the subspace metric from G. Our main objective will be to find bounds on α # 2 (G) in terms of properties of the G i . Note that, as each G i is a metric subspace of G, we have α
The main challenge is to find a sensible lower bound on α # 2 (G). The key property that we introduce is the (α, l, q) polynomial property (see Definition 1.4 below). For its definition, we will assume that the sequence (G i ) i is normalized, i.e. that each open ball B(1, i) ⊂ G is contained in G i . Up to taking a subsequence, one can make this assumption without loss of generality. Definition 1.4. Let G be a group equipped with a proper length function l and suppose that (G i ) i∈N is a normalized nested sequence of open subgroups such that lim
and there is C, D > 0 such that
Note that the only real restrictions are the inequalities A i ≤ Ci l , B i ≤ Di q : we exclude sequences A i , B i that grow faster than any polynomial. The intuition is that equivariant compression is a polynomial property (this follows immediately from its definition), so that sequences A i , B i growing faster than any polynomial would be too dominant and one would lose all hope of obtaining a lower bound on α # 2 (G). On the other hand, if the A i and B i grow polynomially, then one can use compression to somehow compensate for this growth. One then obtains a strictly positive lower bound on α # 2 (G) which may decrease depending on how big l and q are. Precisely, we obtain the following result. Theorem 1.5. Let G be a locally compact, second countable group equipped with a proper, uniformly discrete length function l. Suppose there exists a sequence of open subgroups (G i ) i∈N , each equipped with the restriction of l to
there are the following two cases:
We give a proof of this result in Section 2.2 and apply it on concrete examples in Section 2.3. In Section 2.4, we show that no version of this theorem exists if the (α, l, q)-polynomial property is not satisfied.
Note that our result can also be viewed as a study of the behaviour of equivariant compression under direct limits. The behaviour of the Haagerup property and the equivariant compression under group constructions has been studied extensively (see e.g. [18] , [11] , Chapter 6 of [7] , [8] , [1] ). In Section 3, we quantify part of Gal's work [12] to study the behaviour of the equivariant compression under certain amalgamated free products G 1 * H G 2 where H is of finite index in both G 1 and G 2 .
2. The equivariant compression of direct limits of groups 2.1. Preliminaries and formulation of the main result. Suppose G is a locally compact second countable group equipped with a proper length function l, i.e. closed l-balls are compact. Assume that there exists a sequence of open subgroups
e. G is the direct limit of the G i . We equip each G i with the restriction of l to G i . It will be our goal to find bounds on α # 2 (G) in terms of the α # 2 (G i ). Clearly, as the G i are subgroups then an upper bound of the equivariant compression is the infimum of the equivariant compressions of the G i . The challenge is to find a sensible lower bound. The next example will show that it is not enough to only consider the α # 2 (G i ). Example 2.1. Consider the wreath product Z ≀ Z equipped with the standard word metric relative to {(δ 1 , 0), (0, 1)}, where δ 1 is the characteristic function of {0}. Let Z (Z) = {f : Z → Z : f is has finite support} be equipped with the subspace metric from Z ≀ Z. Consider the direct limit of groups
where Z 2n+1 has the subspace metric from Z (Z) . This metric is quasiisometric to the standard word metric on Z 2n+1 and so each term has equivariant compression 1. So Z (Z) is a direct limit of groups with equivariant compression 1 but by [2] has equivariant compression less than 3/4. On the other hand the sequence
is a sequence of groups with equivariant compression 1 and the equivariant compression of the direct limit is 1.
Given a sequence of 1-cocycles b i of G i , then in order to predict the equivariant compression of the direct limit, it will be necessary to incorporate more information on the growth behaviour of the b i than merely the compression exponent R(b i ). The growth behaviour of 1-cocycles can be completely caught by so called conditionally negative definite functions on the group (See Proposition 2.3 and Theorem 2.4 below).
for every g ∈ G and if for all n ∈ N, ∀g 1 , g 2 , . . . , g n ∈ G and all a 1 , a 2 , . . . , a n ∈ R with 
2 is a conditionally negative definite function on G.
Theorem 2.4 (Proposition 14, page 63 of [10] ). Let ψ : G → R be a conditionally negative definite function on a group G. Then there exists an affine isometric action α on a Hilbert space H such that the associated 1-cocycle satisfies ψ(g) = b(g) 2 .
These two results imply that we can pass between conditionally negative definite functions and 1-cocycles associated to unitary actions.
Let us give the proof of Theorem 1.5.
2.2.
The proof of Theorem 1.5.
Proof of Theorem 1.5. Take sequences (ψ i :
satisfying the conditions of (α, l, q)-PP (see Definition 1.4). We assume here, without loss of generality, that the sequences
Note that each ϕ i k is continuous as G i is open and also closed, being the complement of ∪ g / ∈G i gG i . By (α, l, q)-PP, for all i, k ∈ N, we have exp
where
To check that ψ is well defined, choose any g ∈ G and note that for i > |g|, we have g ∈ G i and so ϕ i k (g) ≥ exp(
we see that ψ is well defined and that it can be written as a limit of continuous functions converging uniformly over compact sets. Consequently, it is itself continuous. By Schoenberg's theorem (see [10, Theorem 5.16] ), all of the maps ϕ i k are positive definite on G i and hence on G (see [15, Section 32 .43(a)]). In other words, ∀n ∈ N, ∀a 1 , a 2 , . . . , a n ∈ R, ∀g 1 , g 2 , . . . , g n ∈ G :
Hence, ψ is a conditionally negative definite map. Moreover, using that l is uniformly discrete, we can find a constant E > 0 such that
so the 1-cocycle associated to ψ via Theorem 2.4 is large-scale Lipschitz.
Let us now try to find the compression of this 1-cocycle. Set V I : N → R to be the function
One checks easily that
To make the function V I more concrete, let us look at the values of A i , B i and J(i). Recall that by assumption, we have A i ≤ Ci l , B i ≤ Di q . Hence for i sufficiently large, we have J(i) ≤ (Ci l + Di q )i 1+p ≤ F i X where F is some constant and X = 1 + p + max(l, q). We thus obtain that there is a constant K > 0 such that for every i sufficiently large (say i > I for some I ∈ N 0 ),
As the sequence η i converges to 0, we can choose any δ > 0 and take I > 0 such that in addition η i < δ for i > I. We then have for all i > I that
Together with Equation (3), this implies that for i > I,
We then have for every g ∈ G with |g| large enough, that
2 max(1+p+2l,1+p+l+q) . As this is true for any small p, δ > 0, we can take the limit for p, δ → 0 to obtain α ,1+l+q) . Hence, we have the following two cases:
Examples.
Example 2.5. Let G and H be finitely generated groups, equipped with the word length distance. Our Theorem 1.5 can be applied on all the spaces G (H) = H G equipped with the induced metric from G ≀ H. Alternatively, one could obtain bounds from [17] by noticing that G (H) < G ≀ H and so α
Depending on the situation, Li's bounds are either stronger or weaker than our bounds.
As a concrete example, let us consider the space G (H) where H has polynomial growth of degree d ∈ N and where G is a finitely generated group with equivariant compression 0 < α
. We must note here that there is no existence proof of such a group G: the understanding of the set of possible equivariant compression values is very limited. Before the work in [18] , the only known values for α # 2 (G) were 1 and 1/2. Naor and Peres showed that the equivariant compression of the n-fold wreath product Z ≀ Z ≀ . . . ≀ Z equals 2 n−1 2 n −1 . Next, Austin in [4] proved the existence of a finitely generated amenable group with equivariant compression 0, thus completing the list of currently known equivariant compression values. As non-amenable groups must have an equivariant compression ≤ 1/2, it is however likely to conjecture that, as in the non-equivariant setting [3] , for each α ∈ [0, 1], there exists a (finitely generated) group with equivariant compression α.
As groups with polynomial growth have equivariant compression equal to 1, Li's bounds imply α
where we may assume without loss of generality that D = 0 because l is the word length metric and thus uniformly discrete. For each n ∈ N 0 , one can consider the 1-cocycle
where l W is the standard word length on the product.
}, where B(1, i) is the ball of radius i around 1 in H. Let l i be the restriction to G i of the standard word length on the wreath product G ≀ H. Clearly, G 1 ֒→ G 2 ֒→ . . . ֒→ G (H) is a normalized sequence. Setting n i = |B(1, i)|, we have moreover 1
and so
where the latter inequality is obtained by first considering the (g 1 , g 2 , . . . , g n i ) where
. . , g n i ) ≥ 2i|B(1, i)| and then choosing the additive constant such that (g 1 , g 2 , . . . , g n i ) 2α ≥ 0 for all (g 1 , g 2 , . . . , g n i ) . In our terminology, we have l = 0 and q = 2α(1 + d) where d is the degree of polynomial growth of H. Hence,
Example 2.6. Our result also allows to consider spaces H G h where G h actually depends on the parameter h ∈ H. For example, we could take a collection of finite groups F i with F 0 = {0} and look at G = i∈N F i equipped with a proper length function l as follows:
Moreover, it is easy to see that the sequence (G i ) i is normalized. Define f i : G i → R to be the 0-map. This is a 1-cocycle of G i relative to any unitary representation of G i . The associated conditionally negative definite map satisfies
We obtain the lower bound α # 2 (G) ≥ 1/3 by Theorem 1.5. This is the first available lower bound on the equivariant compression of G.
2.4.
The necessity of the polynomial property. We will use Austin's result [4] of a finitely generated amenable group with non-positive compression to show that if the sequence of groups (G i ) i≥1 does not have (inf i α # 2 (G i ), l, q)-PP for any l, q ≥ 0 then nothing can be deduced about α # 2 (G). Austin's idea is that a sequence of finite metric subspaces with growing l 2 -distortion can serve as an obstruction to good non-equivariant compression of an infinite metric space. The term "non-equivariant" refers to the fact that metric spaces can in general not admit actions and so instead of considering 1-cocycles as in the definition of equivariant compression, one uses coarse embeddings to define non-equivariant compression. Definition 2.7 (see [13] ). Let χ be a normed vector space. A metric space (X, d) is coarsely embeddable into χ if there exists non-decreasing functions ρ − , ρ + : R + → R + such that lim t→∞ ρ − (t) = +∞ and a map f : X → χ, such that
The map f is called a coarse embedding of X into χ and the map ρ − is called a compression function for f . The compression R(f ) of a coarse embedding f : X → χ is defined as the supremum of r ∈ [0, 1] such that
If such r does not exist, then we set R(f ) = 0. The χ-compression α χ (X) of X is defined as the supremum of R(f ) taken over all coarse embeddings of X into χ. The supremum of α χ (X) over all Hilbert spaces is called the non-equivariant Hilbert space compression of X, denoted α 2 (X).
Throughout the discussion, it suffices to consider non-equivariant compression as our metric space X will be a finitely generated amenable group and for such groups the equivariant Hilbert space compression equals the non-equivariant one [9] .
The following notion is of key-importance.
Definition 2.8. Given two metric spaces (X, ρ) and (Z, θ) and a map f : X → Z, the distortion of f is:
If f is not a bi-Lipschitz embedding, then we interpret its distortion as ∞. The distortion of X into Z is defined by taking the infimum of the distortions of all maps f : X → Z, i.e.
Given p ≥ 1, we write c p (X, ρ) to denote the infimum over all L p -spaces Z of c Z (X, ρ).
Definition 2.9. Using the above notation, the expansion ratio of f is the ratio:
We require the following results from [4] . Here, the symbols and denote inequalities that hold up to an arbitrary positive multiplicative constant that is independent of the arguments of the functions in question. Recall that a metric space (X, ρ) is called 1-discrete if ρ(x, y) ≥ 1 for all x, y ∈ X. Lemma 2.10. [4, Lemma 3.1] Suppose that X is a normed vector space and that (X, d X ) is an infinite, locally finite, 1-discrete metric space. Suppose further that we can find a sequence of finite 1-discrete metric spaces (Y n , m n ) and embeddings ϕ n : Y n ֒→ X such that
• the spaces Y n are increasing in diameter, diam(Y n , m n ) → ∞;
• the Y n are embedded in X with uniformly bounded distortion. That is there are some fixed L ≥ 1 and some sequence of positive reals
• the spaces Y n do not expand too fast inside X relative to their size. That is 1 ≤ r n diam(Y n , m n ) ε for every ε > 0.
• the Y n have bad distortion into X . That is for some η > 0 we have
We would like to apply this lemma to construct a group X with compression 0, but such that the subgroups Y n form a normalized sequence, and are all finite, hence have compression 1. By our Theorem 1.5, this would then imply that the (inf(α # 2 (Y i )), l, q)-polynomial property is crucial to obtain a sensible lower bound on the equivariant compression of the limit X. We require the following lemma.
Lemma 2.11. [4, Lemma 4.1] Let G be a finitely generated group of exponential growth, let S be a finite symmetric generating set, and let ρ be the resulting word metric. Then there is some M ≥ 1, depending only on G and S, such that for any r 0 > 0 there is some r ≥ r 0 for which we can find a subset I = {x 1 , x 2 , . . . , x d } with d = 10 r such that r ≤ ρ(x i , x j ) for all
By iterated use of Lemma 2.11 we can select an increasing sequence of positive reals (r n ) n≥1 and a sequence of pairwise disjoint subsets (I n ) n≥1 of G such that
• |I n | = d n = 10 rn ;
• r n ≤ ρ(x, x ′ ) for all distinct x, x ′ ∈ I n and r n ≤ ρ(x, e G ) ≤ M r n for all x ∈ I n , n ≥ 1. In what follows, the role of the group G in Lemma 2.11 will be played by a wreath product G = Z 6 ≀ L, where L is some amenable group with exponential growth. Given groups L, H, recall that H ≀ L = H ⊕L ⋊ L where any l 0 ∈ L acts on the right on any f ∈ H ⊕L as follows:
Before formulating our next lemma, we need the following definitions.
Definition 2.12. If (X, ρ) is a metric space, then the Hamming metric on X n is defined by
Definition 2.13. Given a group G with a uniformly discrete, left invariant metric ρ and a normal subgroup H ≤ G we can define a quotient metric ρ /H on the space of cosets G/H, where for gH, g ′ H ∈ G/H,
Lemma 2.14.
is a subspace invariant under the right action by G then there is a well-defined action of G on Z ⊕G 2 /V . Given a symmetric generating set S for G, the semidirect product (Z
where δ e G is the function that takes the value 1 on e G and 0 at every other point. If ρ is the word metric on G then we denote the metric induced by this generating set by ρ (Z ⊕G 2 /V )⋊G . We denote the restriction of this metric to the zero section, i.e. the set of elements whose second coordinate equals e G , by
The above generalizes the definition of the word metric on a wreath product. One can e.g. use it to define the metric on Z 6 ≀ L by taking V as the singleton containing the 0-element of Z ⊕L 6 and S as a finite symmetric generating set for L.
Using the subspaces V d from Lemma 2.14 together with Lemma 2.10 and the next result we obtain an amenable group with non-positive L p compression for all p > 0.
Theorem 2.15. [4, Theorem 3.3] Let G be the wreath product of Z 6 and a finitely generated amenable group L of exponential growth. Let S be a finite symmetric generating set of L and denote the associated word metric on G by ρ. There are a fixed M ≥ 1 and a Z 2 -subspace V ≤ Z ⊕G 2 such that • V is invariant under the action of G by right translation, • If we take the V d as in Lemma 2.14 and the I n as in Lemma 2.11, then (Z
with uniformly bounded distortions and expansion ratios r n log d n . 
with the induced metric from (Z ⊕G 2 /V )⋊ G has compression 0. We conclude that the (α, l, q)-PP is crucial for obtaining sensible lower bounds on the compression of limits.
The behaviour of compression under free products amalgamated over finite index subgroups
It is known that the Haagerup property is not preserved under amalgamated free products. Indeed, (SL 2 (Z) ⋊ Z 2 , Z 2 ) has the relative property
is not Haagerup. In [12] , S.R. Gal proves the following result.
Theorem 3.1. Let G 1 and G 2 be finitely generated groups with the Haagerup property that have a common finite index subgroup H. For each i = 1, 2, let β i be a proper affine isometric action of G i on a Hilbert space V i (= l 2 (Z)). Assume that W < V 1 ∩ V 2 is invariant under the actions (β i ) |H and moreover that both these (restricted) actions coincide on W . Then G 1 * H G 2 is Haagerup.
Set K = max 1≤i≤n b (s i ) p . Take T = S ∪ {s 1 , ..., s n } as a compact generating set of G. For g ∈ G, write g = s i h for 1 ≤ i ≤ n, h ∈ H. Then
So the compression of the 1-cocycleb is at least α, hence α
The following proof uses a construction by S.R. Gal, see page 4 of [12] .
Theorem 3.3. Let H be a finite index subgroup of G 1 and G 2 and assume there is a proper affine isometric action β i (with compression α i ) of each G i on a Hilbert space V i . Assume that W < V 1 ∩ V 2 is invariant under the actions (β i ) |H and moreover that both these (restricted) actions coincide on 1 We seize this opportunity to correct a misprint in the definition of the vector ξ0 in that construction in p.91 of [6] .
Let ψ Γ be the conditionally negative definite function associated to the action of Γ on W Γ . We now find the compression of the conditionally negative definite map ψ = ψ Γ + ψ T . First set M = max |t Denote α = min(α 1 , α 2 ) and fix some ε > 0 arbitrarily small. Let γ ∈ Γ and suppose in normal form γ = gt and so for all γ ∈ Γ such that |γ| is sufficiently large, we have
where represents inequality up to a multiplicative constant; we use here that one can always assume, without loss of generality, that the 1-cocycles associated to β 1 and β 2 satisfy b i (g i ) |g i | α−ε (see Lemma 3.4 in [1] ). So now, by the first case, ψ(γ) ≥ |γ| α−ε for all γ ∈ Γ that are sufficiently large. Hence, we obtain the lower bound α 
